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1. GENERAL PRINCIPLES 
The mathematical discussion of the one-dimensional, unsteady motion of 
an incompressible, ideal fluid is in general trivial. This is true even when the 
concept of one-dimensional motion is broadened to include motion in a 
smooth, curved tube of constant cross-section. Surface tension and viscous 
forces are, of course, neglected so that the motion is one-dimensional in the 
sense that it is characterized by knowledge of the physical behavior of the 
fluid at any point of the tube as specified by a single parameter-frequently 
taken as arc length along the tube. The reason why such motion is trivial, 
or at worst uncomplicated, is that the postulates concerning the properties 
of the fluid imply that its velocity is independent of position in the tube and 
that the whole column of fluid moves essentially like a completely flexible 
but incompressible and inextensible chain. No such simplicity exists when the 
possibility of cavitation is admitted and the present paper is concerned with 
the description of such motion after cavitation has occurred. A great deal has 
been written about the onset and development of cavitation in hydrodynamics. 
Much of the existing theoretical work, however, differs from that of the 
present paper in that it postulates a certain empirical model for cavitation 
bubbles whereas here we analyse in detail a type of “continuous cavitation” 
in the one-dimensional case. It is worth stating clearly at this stage the 
essential feature of this model. It is, in fact, the postulate that, though the 
fluid is incompressible so that the density can never exceed some fixed 
constant pa, cavitation will occur when p = 0 and that when this happens 
each small particle of fluid will behave as a particle in the sense of classical 
Newtonian mechanics. Our problems will therefore involve fluid flow of two 
types. In one region, which we shall call a continuozls region, the density is 
constant and equal to pa , the velocity is independent of distance but varies 
with time, and the pressure varies both with distance and time but is non- 
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negative. The second region will be called a cavitation region. In this the 
density and velocity will in general vary with distance and time and the 
pressure will be zero. The density in a cavitation region can never exceed pO . 
It is at once apparent that the assumptions inherent in this approach are not 
necessarily such as can be made with any confidence about a real fluid, where 
viscous and surface tension forces (here neglected) will tend to become 
important in a so-called cavitation region. It is not our intention to debate this 
point although certain qualitative features, when properly interpreted, may 
be significant in the real fluid context. As an alternative, we suggest that the 
fluid be thought of as an array of small, smooth, inelastic, rigid ball-bearings 
sliding in a tube. The equations to be studied will not only be much closer 
to those which govern the motion of such an array but this model will greatly 
assist the process of visualization. For example, the “small particle” of the 
fluid referred to above will simply be an individual ball-bearing, the density 
will be the number of ball-bearings per unit length of the tube and so on. 
Nevertheless, the diameter of each ball-bearing is assumed to be very small 
compared with any characteristic length so that the language of continuum 
machines can still be used. 
In order to set up the mathematical preliminaries, we shall assume that 
a fixed column of fluid is sliding down a tube under gravity and first of all 
ignore the possibility of cavitation. There are two easy ways to avoid such 
a possibility. We can postulate a sufficiently large external atmospheric 
pressure to guarantee that the pressure p within the column is never negative 
or we can think temporarily of the fluid as being a segment of flexible chain, 
able to withstand negative pressures, namely tensions, without cavitating. 
This second alternative is perhaps the most useful for illustrative purposes 
and we take the pressure to be zero at each end. 
We consider the tube (Fig. 1) as being given by the equation y = y(s) 
where y is measured vertically upwards and s is measured along the tube from 
the same origin. The tube may be in the form of a twisted curve (that is, in 
three dimensions) but nothing is lost by assuming that it has been “unwound” 
and now lies in a vertical plane. At a given time t, the chain occupies the 
segment bounded by s = 4(t) and s = S,(t) and the associated values of y 
are Yl(t) and Y2(t), respectively. Then by continuity the velocity V is inde- 
pendent of s and is given by S;(t) or S;(t), the primes denoting differentiation 
with respect to t. To discuss the motion, we can make use of a velocity potential 
+(s, t) which must be of the form 
4 = s;;(t) s, 
and then apply the unsteady form of Bernoulli’s theorem, namely, 
(1) 
a4 1 z + 2 v2 + ; + gy = w, (2) 
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FIG. 1. 
whereF(t) is some function of t. From (1) and (2) we have 
s;ws+~1/2+g+, = F(t). 
NOW, using the fact that p = 0 at s = S, and at s = S, , we obtain 
S;(t) S, + gYl = F(t) - ; V2 
s,“(t) S, + gY, = F(t) -; Yz 
from which we obtain the acceleration as 
S,“(= s; = V’) = -gys’l’. 
2 1 
(3) 
(4) 
The pressure at any point is then given by (3) which yields 
F = (Y2 -YXS2 - 4) - (Y2 - yw2 - 49 (5) 
where 
fj = PC32 - Sl) 
Peg * 
(6) 
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Obviously p = 0 when s = S, , y = Y1 and also when s = S, , y = Ya . 
It is interesting to notice that p is also zero if we set 
s=s,+~(s,--s,),Y = yl+~(y2--1) (0 < A < 1). 
In general this point will not satisfy y = y(s) and so will not lie on the tube 
but if at any time there is a point of the chain which divides its length in the 
same ratio as it divides the projection of the chain on a vertical straight line, 
then the pressure (or tension) in the chain will vanish at that point. 
We now specialize to the problem where the tube terminates at the origin 
and the fluid is allowed to run out there. We thus take S, = Y, = 0 and for 
convenience drop the s&ix 2 on S, and Ys which specify the upper boundary 
of the column. We have no interest in the history of the fluid after it has 
vacated the tube at the exit point. The chain analogy may still be used but it 
will be necessary to postulate some mechanism whereby the chain is destroyed 
in some fashion as soon as it leaves the tube so that there is no back effect on 
the portion still in the tube caused by the part which has already emerged. 
From (4) (5) and (6) 
y = -gY 
S (7) 
and 
where 
p= Ys-ys, (8) 
(9) 
In this case it should be noted that p is no longer a constant multiple of p as it 
was in (6) because S varies with t whereas S, - S, did not but it is primarily 
the sign of p that is of interest and as S is positive, it is still convenient to 
work with p. 
The fluid is now supposed to be contained initially in a semicircle of radius 
a whose diameter is vertical (Fig. 2). This is chosen as the simplest model for 
illustrating qualitatively the flow pattern although subsequently a tube of 
slightly different shape is selected for detailed analysis. At time t = 0 the 
fluid is suddenly released and allowed to flow out under gravity. We wish to 
discuss the subsequent behavior. 
If the fluid could sustain negative pressure, equation (8) would give the 
initial value of p as 
F = a2{2# - 77(1 - cos #)}, 
where 9 is the angular co-ordinate (Fig. 2). It is easily verified that p = 0 at 
4 = 0, $ = rr and also at J, = n/2, this last being a special case of the more 
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FIG. 2. 
general result derived earlier. As given by this formula it is seen that p is 
positive in the lower half and negative in the upper half of the tube. If there 
were a flexible chain in the tube, then at this initial instant the upper half 
would be in tension and the lower in compression. From (7) the initial 
acceleration would be -2g/rr. 
It is tempting, therefore, to suppose that if the tube was packed with 
ball-bearings of diameter equal to the cross-section of the tube and if these 
were suddenly allowed to fall out, the continuous part as defined earlier 
would consist of the lower half and the cavitation part of the upper. Nowever, 
a little reflection shows that this is impossible. For if the lower half did move 
as a continuum by itself it would have an initial downward acceleration of 
2g/7r (obtained by setting Y = a, S = ar/2 in (7)) whereas the acceleration 
of the freely falling balls above it would be g sin # for values of I/ between 
7r/2 and 7~. Since the initial velocity of all the balls is zero, the balls in a 
segment of the upper half above the midpoint would therefore fall more 
rapidly than those in the lower half and no separation at I/ = 42 could take 
place. This argument can be extended to show how we can determine where 
the initial separation and onset of cavitation actually does take place. Let us 
suppose that this is the point A at which 1,4 = $*. Then, by (7), a freely 
falling continuous column extending from 4 = 0 to $ = #* will start to 
fall with an initial downwards acceleration of g(1 - cos $*)I#* whereas the 
particle at #* will fall freely with an acceleration g sin I+*. When these two 
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are equal we identify #* as the angle defining the point of separation. It is 
given by the transcendental equation 
the solution of which is $I* = 1339”, approximately. 
In the case of a tube of general shape the separation point is obtained by 
using the same argument, that is, by equating the initial value of the accelera- 
tion of a column which ends at (Y, S) to the acceleration of a particle at that 
point. This implies that 
gy - = g sin $, 
s 
where #I is now defined by the angle which the tangent makes with the 
horizontal as in Fig. 2, or that 
Y dr -= - s [ 1 dsw..s)’ 
This suggests an alternative way of looking at the initial separation point. 
We return temporarily to the chain analogy and consider a chain which 
fills the portion of the tube from the origin to the point (Y, S) and is suddenly 
released. The initial pressure is given by (8) and (9) as 
P=P&-Yj. 
This is clearly zero at y = s = 0 and at y = Y, s = S as required but, 
as we have seen in the case of the circle, if S is taken too large, then the 
pressure has also an intermediate zero and is negative between this zero and 
that at the highest point. In order to select the maximum length which does 
not include negative pressures, we require these two upper zeros to coalesce 
or that 
-$ [P&&T ($ - Yj] = 0 
when y = Y, s = S. Thus (10) is obtained as before. 
Once again it is tempting to conclude that the subsequent behavior has 
been explained. If the separation point is denoted by A and if P and Q are 
the two ends (Fig. 2), we might imagine that the column AP will faI1 out as a 
continuum, the actual position of its end at any time being given by solving the 
differential equation (7), whereas each ball in AQ (to return again to the ball- 
bearing analogy) would fall independently under gravity at its own speed 
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as determined by elementary particle dynamics. This is indeed what would 
happen if the experiments were carried out in separate tubes. Unfortunately, 
this would also show that the lowest ball in AQ would fall more rapidly than 
the highest ball in AP, that is, than the top of the column. This can be seen 
physically for, though both start at the same position, with zero velocity and 
the same acceleration, the “free” ball in AQ must be expected to travel more 
rapidly than the top ball in the column AP since by comparison the progress 
of the latter is retarded by the pressure of its neighbor immediately below it. 
To verify this mathematically we compare the derivatives at t = 0 of the 
function S(t), which denotes the position of the top of the column, and of 
s(t) h’ h . d fi d w ic is e ne as the position of a freely falling ball released from A 
simultaneously. Since 
S”(t) = - g!@L s ’ 
it follows that 
and this has at least a double zero at t = 0 since by (10) the expression in 
brackets vanishes at t = 0 as well as S’. Thus S”‘(0) = P’(O) = 0. On the 
other hand S(t) satisfies the differential equation 
dP 
s”(t) = -g z. 
From this 
P(t) = -g $J S’, 
which vanishes when t = 0, but 
which is easily seen to be negative. S and s” therefore coincide along with 
their first three derivatives at t = 0 but si”(0) < P(O). It follows that at 
least some of the freely falling balls catch up with and join onto the continuous 
part. 
It is here that the most interesting part of the process occurs. We shall 
describe it qualitatively before proceeding to the mathematical details. 
The fluid, or column of balls, starts to separate initially at A. However, as 
the balls fall out of the tube at one end, the front which separates the 
continuous from the cavitation region moves steadily into the cavitation 
region entrapping more and more balls. If the balls are assumed to be inelastic 
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so that no rebound is considered, then some of the momentum of the free 
balls is lost as they impinge on and cling to the continuous column. This in 
turn influences the rate at which the column descends. Mathematically it is 
accounted for by a pseudo-pressure which must be represented in Bernoulli’s 
equation when applied at the point corresponding to the top of the column. 
Finally, it should be noted that all the balls in AQ will not attach themselves 
onto the continuous part-at least in the case of the semi-circle and similar 
curves. For a ball sufficiently near to the top initially will take an arbitrarily 
long time to descend and the column itself will certainly vacate the tube 
in a finite time. Thus the general pattern is that of initial separation at A 
followed by a continuous reattachment to the main column by a certain 
segment of the balls intitially in AQ. What happens to the remaining balls in 
A& depends on the shape of the tube. Presumably in some cases they fall 
freely and individually out through the bottom after it has been vacated by 
the continuous part but the possibility of subsequent reattachment among 
themselves should not be ruled out. A complete analysis, however, at this 
stage becomes very complicated and is not attempted here. 
We now proceed to the mathematical details. It is desirable to formulate 
these for a tube of general shape and not to specialize to a semi-circle. 
Accordingly, we must have some way of characterizing the particles in free 
fall in the cavitation region. For a given tube this is a problem which can be 
completely solved in theory by elementary particle dynamics and we assume 
that this has been done and that in particular we know the function sa =f(s, t) 
which we define as the position, at time t = 0, of the particle which is at 
position s at time t after the free fall starts. In terms of this function we see that 
the density p in the cavitation region at time t is given by 
or 
Further, the velocity v is found by setting ds, = 0 and this gives 
af af z,=--- 
I at as ' 
Finally, the momentum density is given by 
(12) 
The position of the separation front which divides the continuous and the 
cavitation regions will be denoted by s = u(t) so that the velocity of the front 
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is o’(t). The velocity of the balls in the continuous region will be denoted by 
V(t) and the pressure byp(s, t). The density is the constant pO . For substitu- 
tion in Bernoulli’s equation we require to know p(u, t). This is obtained by 
the mechanical conditions regarding the conservation of mass and momentum 
at such a discontinuity which are familiar in gas dynamics as the Rankine- 
Hugoniot equations for shock waves. In the present notation these are 
from which 
PCP - u’(t)) = P(” - 4m, 
P + Po(V - u’(W = P(e) - u’(t)>2, 
and 
p(u, t) = #o(a, t [l - P!@$)l (n(o, t) - o’(t))2* (15) 
The significance of writing the above equations in this form is that the terms 
on the right-hand sides are all given in terms of t and the unknown function 
4 
We now return to the Bernoulli equation (3) which can be used in the 
continuous region. With p, s and y all zero at the origin we must have 
F(t) = $(V(t)}2 and hence 
We now set s = 0 and use (14) and (15) to obtain a differential equation for 
u(t). A certain amount of care is required in writing down V’(t) since in (14) 
V depends on t both explicitly and implicitly through its dependence on u. 
Thus 
Substituting into (16) and using (1 I), (12) and (13) we obtain 
u(1-~)u~-(~+~d)uu’-(~+&7’)o 
+ s (1 - S)($/$ + uj)2 + gy = 0, (17) 
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where it is understood that all the quantities which depend on s have s 
replaced by u. This is a second order, nonlinear equation in u. The initial 
value of D is (T = S*, where S* is the value of S obtained by solving (IO), 
and u’(0) = 0. However, (17) is not only nonlinear but it is also singular at 
t = 0 since by (11) the coefficient of u” is zero then. Finally, this equation 
will only represent the equation of the moving front for as long as it continues 
to advance into the cavitation region-physically, for as long as balls from the 
cavitation region continue to hit the solid column. The condition for this is 
that o’(t) 3 V(t) or the equivalent condition 
If and when this condition is violated by the required solution u(t) of (17), 
we encounter the definite breaking away of the continuous from the cavitation 
region. 
2. A PARTICULAR EXAMPLE 
In order to fix ideas at an earlier stage of the above argument, the assump- 
tion was made that the curve was a circle. Unfortunately, it is impossible to 
determine the function s,, = f(s, t) explicitly for a circle. This is the function, 
we recall, which is the position where a particle would have to be released 
from rest at t = 0 in order to be at the position s at time t. Since 
(gy = 2ug (co, z - cos -y , 
it follows that the equation 
t = -& ,,, dx 
d 
x SO cos ; - cos -jp 
is that which would have to be solved for se as a function of s and t. An 
explicit representation is clearly impossible. 
An alternative approach is to select f(s, t) first and then to work out the 
curve to which it corresponds. Here, however, some care is necessary and it is 
profitable to digress briefly in order to determine the restrictions onf(s, t)-if 
only to emphasize that this whole procedure is not very practical. Certain 
properties of f{s, t) are obvious and easily satisfied. For example at t = 0, 
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f = s and af/lat = 0. The velocity and acceleration of the particle passing s at 
time t are given by 
af af velocity = - at 
I 
7, 
af 
(4 
2 a=f 
acceleration = - 
at asz -2gg$+($)2$, (20) 
( ) 
af3 
as 
where (20) is obtained by differentiating the right-hand side of (19) with 
respect to t, paying due attention to the fact that this expression depends 
on t not only explicitly but also implicitly through s. Now it must be realized 
that the acceleration of a particle falling freely in a tube is a function of position 
aZone [it is, in fact, -g(u’y/ds)] and that in consequence the right-hand 
side of (20) must not depend on t explicitly. This is a formidable requirement 
which tends to discourage any attempt to pickf(s, t) at random. The expression 
(20), together with the initial conditions on f(s,t), shows that the acceleration 
is -(a2f/lat2) when t = 0. If we set t = 0 in (17) and assume that u’ is zero 
and u” bounded at that time, then we obtain 
which, in view of the previous sentence, supplies a further confirmation that 
equation (10) gives the separation point. 
In order to illustrate the theory discussed in Section 1 with a definite 
example we utilize the rather special properties of the cycloid which here 
lead to some algebraic simplification. The curve considered is shown in 
Fig. 3 and consists of two cycloids with equations given by the following: 
s = 4a sin 4 
y = a(1 - cos 2#) I 
0<+<; 
s = 4a(2 - sin #) 
y = a(3 + cos 24) I 
+b<% (22) 
In both cases dy/ds = sin #, where 4 is the angle shown in the diagram. 
In order to find S*, the critical value of s at which separation begins to take 
place, we seek solutions (see (10)) of 
r - dy 
S -z 
= sin *. 
For (21) this would give 
1 - cos 2# 
4 sin # 
= sin #, 
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FIG. 3. 
which only has the solution Z/J = 0 as expected. For (22) 
3 + cos 21f, 
4(2 - sin 4) 
= sin 4 
has a solution sin II, = 2 - d/2 which gives S* = 4 d2a, Y* = 8a(1/2 - 1) 
as the coordinates of the point of initial separation. Further, in the cavitation 
region elementary properties of the cycloid give 
so = f(s, t) = 8a - (8a - s) sech nt, (23) 
where n2 = g/4a. In this and what follows we assume that (T > 4a so that 
(22) and (23) are applicable. When the separation front descends into the 
lower half of the tube, different formulas will be needed but we do not 
pursue this here. 
We now determine af/h, aflat and the higher derivatives from (23) and 
substitute into (17). The equation for u(t) then becomes 
(1 - sech nt) au” + 
2n sinh nt Lx7 - 
n2(1 - sinh2 nt) 
cosh2 nt cosh3 nt 
u(8a - u) 
+ sech nt(l - sech nt){u’ + n tanh nt(8a - u)}" + 4ag - 2ag (2 - 2)’ = 0 
with u = 4 2/2a, u’ = 0 when t = 0. The inequality (18) is 
u’(t) + n tanh nt(8a - u) > 0 (24) 
and as explained above the equation is only applicable when u > 4a. In order 
to simplify the equation we set 
x = nt, u = u/4a (25) 
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to give 
2 sinh x 
(1 - sech x) UU” + ___ uu’ - 
1 - sinh2 x 
coshs x coshs x 
u(2 - u) 
+ sech x(1 - sech x){u’ + tanh x(2 - u)}~ + 1 - 9(2 - u)” = 0, (26) 
with u = 1/2, u’ = 0 when x = 0. The inequality (24) in the new variables 
becomes 
U’(X) + tanh x(2 - u) > 0 (27) 
and the condition u > 4a becomes u 2 1. 
Equation (26) is singular at x = 0 and, in order to investigate more 
precisely the nature of the singularity there, we write u = U + 2/2 and 
retain only the most significant terms. After some algebra we obtain 
x2Un + 4xU’ + 2U = -5(2 - 1/2) x2 
approximately, of which the solution is 
(28) 
lJ = 4 + ; - ; (2 - 42) x2, (29) 
where A and B are arbitrary constants. This result is encouraging for a 
variety of reasons. In the first place it forces us to select A = B = 0 and so 
obtain a unique solution (at least of the reduced equation (28)), which is 
finite at x = 0. This is extremely significant since, had a part of the comple- 
mentary function been finite at x = 0, no unique solution of the full equation 
finite at x = 0 could be expected, contrary to physical expectation. Secondly, 
the solution (29) gives, in the original notation, the initial acceleration of the 
front as -5g(2 - 1/2)/6. N ow the initial acceleration of the freely falling 
particle at the separation point A is -g sin #* or -g(2 - 1/2). Thus we 
see that, although the front begins to fall immediately as is to be expected, 
it does so with an acceleration which is numerically smaller than that of the 
column or of the freely falling particle if these were allowed to proceed by 
themselves. In other words, fluid in the cavitation region is immediately 
being attached to the continuous column. Finally (29) is encouraging in that 
it shows how the singularity at x = 0 can be removed or at least rendered 
harmless by introducing the new variable w = x2U. The initial conditions 
w(0) = w’(0) = 0 are then in theory sufficient but in addition we have 
w”(O) = 0, wi”(0) = -10(2 - d2). In practice it was not necessary to 
make this transformation for the computation as tests showed that in this 
case knowledge of u”(O) in (26) was sufficient to get away from the singularity 
at x = 0, the subsequent solution showing high numerical stability. The 
point, however, is not without theoretic interest. 
A CAVITATION MODEL IN ONE-DIMENSIONAL UNSTEADY MOTION 403 
In order to demonstrate the motion of the front, Eq. (26) was integrated 
numerically at intervals of 0.01 from x = 0 to the value of x at which u first 
became less than unity. As remarked earlier, Eq. (26) ceases to govern the 
motion of the front when u < 1. At each stage the inequality (27) was checked 
and it was found that the left-hand side remained positive, thus confirming 
that the continuous column did not draw away from the cavitation region. 
The end of the continuous column reached the midpoint of the double 
cycloid (U = 1) at a value of x given by x = 1.303 approximately. When this 
value of x (or nt) was substituted into (23) it was found that the initial position 
of the particle which in free fall is at u = 1 for this value of x is given by 
u = 1.494 approximately. Since the continuous column initially ended with 
the ball distant u = d/2 from the lower end, it follows that some So/, of the 
balls in the top half of the tube or alternatively some 14 y0 of the balls initially 
in the cavitation region attach themselves to the continuous column by the 
time the top of this column reaches the midpoint of the tube. 
For comparison purposes a computation was also made of the fall of a 
solid column stretching initially from u = 0 to u = 2/2 and terminating 
there. For convenience we will refer to this as the second case or computation 
as compared with the first case described above. By the theory outlined 
earlier, no cavitation will occur in the second case and the front of the column, 
now identified throughout by the top fluid particle or ball, will fall in a 
manner determined by integrating Eq. (7). It was found that the end of this 
column reached the midpoint of the double cycloid after a time given by 
x = 1.191 approximately which is less than that taken by the front of the 
continuous column in the first case. This is to be expected but is not com- 
pletely obvious a priori for, although the front of the column is, so to speak, 
slowed up in the first case because it is growing as a result of new fluid 
becoming attached to it, there is a secondary compensating factor to consider. 
The actual speed of the fluid which is all the time in the continuous part is 
faster in the first case than in the second because of the impact of the freely 
falling fluid on the continuous column and the acceleration caused by this. 
This aspect also is confirmed by the numerical results. The velocity of the 
fluid in the continuous column in the second computation is given by U’(X) 
in the nondimensional variables (25). In the first case, on the other hand, U’(X) 
gives the velocity of the front and the actual velocity of the fluid in the 
continuous column is calculated from (14) using (1 I), (13) and (23). In the 
nondimensional variables this velocity is given by 
V = (1 - sech X) U’(X) - (2 ~o~~~~h X . 
It must be regarded as a satisfactory and encouraging feature that the value 
of V in the first computation as given by (30) is always slightly greater (in 
409/27/2-12 
404 MACKIE 
magnitude) than the value of U’(X) in the second case which in turn is greater 
than the value of u’(x) in the first case. For x = 0.5 these three values are 
0.2947,0.2927 and 0.2446 and at other values of x the same pattern is repeated. 
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